Dynamical Models
of Dark Energy
&
Their Background Cosmological Evolution

Natalie Hogg
MPhys Astrophysics
Institute of Mathematics, Physics and Computer Science
Aberystwyth University
2017

Abstract
Our current understanding of cosmology is best described by the standard ΛCDM model,
in which the cosmological constant Λ is responsible for the accelerating expansion of
the Universe– the phenomenon otherwise known as dark energy. There are, however, a
number of problems with using the cosmological constant as a source for dark energy– fine
tuning and the coincidence problem, amongst others– which we can resolve by considering
a new type of dark energy: dynamical dark energy.
Dynamical dark energy models use a slowly rolling scalar field to achieve the observed
accelerated expansion. The scalar field is also allowed to interact with the matter in
the Universe. These models, and in particular, a coupled quintessence model with an
exponential potential are the focus of this dissertation, where we find that there is evidence
in recent observational data of a preference for dynamical dark energy instead of the
cosmological constant.
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C HAPTER 1

Introduction
Modern cosmology is a rich and maturing field. With the recent success of experiments
such as the Hubble Space Telescope and the Planck satellite, a huge amount of accurate
data about the state of the Universe both as it is now and as far back in time as the epoch
of recombination has been obtained. A particularly defining moment in observational
cosmology came just before the millennium, when, in 1998 and 1999, two remarkable
papers were published which provided compelling evidence that the expansion of the
Universe is accelerating [1, 2]. The name given to this phenomenon does much to convey
the mystery which still surrounds it; we call it dark energy.
This dissertation is an investigation into what is known as dynamical dark energy, in which
dark energy is modelled by a scalar field with a large potential at early times, leading to
accelerated expansion at late times as the field rolls down the potential. These models
are in direct contrast to the standard model of cosmology, known as ΛCDM, where dark
energy is represented by the cosmological constant, Λ, and CDM stands for cold dark
matter. As its name implies, Λ has a constant value everywhere in the Universe and at all
times, whereas in dynamical dark energy the value of the scalar field changes with time.
The story of dark energy starts in 1916 with Einstein’s theory of general relativity, from
which the prediction of an expanding Universe first arose [3, 4]. The cosmological constant
was included by Einstein to force a static solution to the field equations of general relativity,
until the spring of 1929, when Hubble realised that the redshifted spectral lines from
distant galaxies meant they are speeding away from us and the Universe is therefore
expanding [5]. The cosmological constant was then removed from Einstein’s equations
and only reintroduced over seventy years later, after it was found that this expansion is
accelerating. This time Λ represents the vacuum energy density of the Universe acting
against gravity.
In this dissertation, we will firstly discuss in depth the mathematics needed to understand
the expansion history of the Universe, including Einstein’s field equations of general
relativity and their predictions, followed by a look at the current observational evidence
for the existence of dark energy. We will consider the standard ΛCDM model, discussing
both its strengths and its flaws, before we look at how dynamical dark energy can alleviate
1
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some of the problems associated with the cosmological constant in Chapter 3.
In Chapter 4 we will then look in detail at the evolution of various characterising parameters in four different models of dynamical dark energy, known as quintessence models. In
particular, we will look at the evolution of the Hubble parameter, the matter density parameter and the equation of state of dark energy in these models. We will make comparisons
of the models to both observational data and the ΛCDM model and look at constraining
the initial conditions in the models to find a best–fit quintessence model. We will consider
whether there is a preference in the data for dynamical dark energy instead of ΛCDM.
We will lastly give an overview of cosmological perturbation theory and look at the growth
of small scale density perturbations in our best–fit quintessence model, again comparing
the results with the predicted ΛCDM evolution. The final chapter is devoted to a short
conclusion and summary of the work done in this project.

C HAPTER 2

The Universe in a Nutshell
In this chapter, we discuss the background cosmology needed to understand the expansion history of the Universe, as well as the observational evidence in favour of a late
time accelerated expansion. To complete the discussion, we will briefly consider some
arguments against the existence of dark energy and the rebuttals of those arguments. For
the mathematics in this chapter, we follow the derivations given by Copeland, Sami and
Tsujikawa [6] and Amendola and Tsujikawa [7]. Note that throughout this dissertation we
also choose units such that 8πG = c = 1.

2.1

Background Cosmology

The cosmological principle states that, on sufficiently large scales, the Universe is homogeneous and isotropic. This means that it looks the same in all directions and from all
points. Local inhomogeneities do exist, for example, planets, stars and galaxies, which
stem from very small density perturbations that have grown over time to the structures
that we observe today. We will talk about this in more depth at the end of Chapter 4, but for
now we limit ourselves to the simpler picture, in which we treat the large scale Universe as
completely homogeneous and isotropic.
We can describe a four–dimensional, homogeneous and isotropic spacetime with the
Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) metric, given by

dr2
2
2
2
2
ds = −dt + a (t)
+ r (dθ + sin θdφ ) ,
1 − Kr2
2

2

2



(2.1)

where a is the cosmic scale factor as a function of the cosmic time t, and r, θ and φ are
the comoving polar coordinates. K is a constant which describes the geometry of the
spacetime as determined by the matter distribution in the Universe, with K = 1, 0, −1
corresponding to a closed, flat or open Universe respectively.
The cosmological dynamics which determine the expansion history of the Universe are
3
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obtained by solving the Einstein equations, given by
1
Rµν − gµν R = Tµν ,
2

(2.2)

where Rµν is the Ricci tensor, R is the Ricci scalar, gµν is the metric tensor and Tµν is the
energy–momentum tensor. The left hand side of the equations describes the geometry
of spacetime and the right hand side describes the energies and momenta of the matter
species in the Universe.
From the (00) and (ii) components of (2.2), we can then obtain the Friedmann equations,
which show how the Universe expands over time:
 2
ȧ
1
K
H =
= ρ − 2,
a
3
a
K
1
Ḣ = − (p + ρ) + 2 ,
2
a
2

(2.3)
(2.4)

where H is the Hubble parameter, a is again the cosmic scale factor, ρ is the energy density
of all the species in the Universe, p is the pressure density of all the species in the Universe
and where a dot denotes a derivative with respect to cosmic time. The change of the scale
factor a with respect to time, ȧ, describes the expansion of the Universe.
By eliminating the

K
a2

term, we can find
1
ä
= − (ρ + 3p).
a
6

(2.5)

We can then use (2.3) and (2.5) to find how the energy density evolves with cosmic time:
ρ̇ + 3H(ρ + p) = 0.

(2.6)

This is called the continuity equation.
We now consider the components of our Universe, by introducing the density parameters.
We can express (2.3) in the form
(2.7)

ΩM + ΩK = 1,
where
ΩM =

ρ
ρcrit

, ΩK = −

K
.
(aH)2

(2.8)

The parameter ΩM is a generalised component which describes the energy densities of
the matter and energy components of the Universe, for example, the baryonic and non–
baryonic matter plus a cosmological constant or dark energy. Later on, we will use a

5
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subscript m to refer to the matter components only and a subscript Λ when referring to
the cosmological constant. The critical density, ρcrit = 3H 2 , is the density at which the
Universe is spatially flat. We will also use a subscript 0 when referring to the value of the
parameters today.
The rate of change of the scale factor, a(t), characterises the expansion rate of the Universe,
so for accelerated expansion to occur we need its second derivative ä to be greater than
zero, which means that ρ + 3p < 0 (from (2.5)). This implies that we require a negative
pressure, since
ρ + 3p < 0,
ρ
⇒p<− .
3

(2.9)
(2.10)

During the phase of accelerated expansion, we can assume that the Universe is dominated
by the dark energy component, which in ΛCDM takes the form of the cosmological constant.
The equation of state of dark energy is defined as
w=

p
,
ρ

(2.11)

and (2.10) implies that w < − 31 for cosmic acceleration to occur.
The Hubble parameter H, the matter density parameter Ωm and the equation of state w will
be the main parameters considered in our investigation of dynamical dark energy, which
will be discussed in detail in Chapter 4. Now we move on to examine the observational
evidence in favour of the accelerating expansion of the Universe.

2.2

Observational Evidence for Dark Energy

There are a number of different observational pieces in the jigsaw that is dark energy;
namely the luminosity distances of Type Ia supernovae, the predicted age of the Universe
compared to the age of the oldest stars and the position of acoustic peaks in the CMB due
to temperature anisotropies and baryon acoustic oscillations (BAOs). In this section we
will discuss each of these in detail.
In the late 1990s, Riess et al. and Perlmutter et al. [1, 2] inferred the accelerated expansion
of the Universe and hence the existence of dark energy from the redshifts of Type Ia
supernovae (SN Ia). A Type Ia supernova occurs when a white dwarf is in orbit around a
larger main sequence or red giant star. The white dwarf can accrete mass from its parent
star up to the Chandrasekhar limit of 1.4 solar masses, above which the electron degeneracy
pressure is not sufficient to resist the white dwarf’s own gravity, causing it to collapse and
resulting in a supernova [8]. Due to the well–defined mass limit at which this occurs, SN Ia

6
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have a very predictable absolute magnitude which is independent of their redshift and
are therefore used as standard candles. This means their distance from observers at Earth
can be very accurately measured using the luminosity–distance relationship, as shown in
(2.12) below:

m − M = 5 log

dL
Mpc


+ 25,

(2.12)

where m is the apparent magnitude of the source, M is the absolute magnitude and dL is
the luminosity distance in Megaparsecs. Now, since the absolute magnitude is the same
for any SN Ia, the luminosity distance as a function of redshift is found by observing the
apparent magnitude of the supernova. We can then compare the observational data with
the theoretically predicted luminosity distance, as given by


Z z
p
c(1 + z)
dz̃
p
dL =
,
sinh
ΩK,0
H0 ΩK,0
0 E(z̃)

(2.13)

where ΩK,0 = −K/(a0 H0 )2 and E(z) = H(z)/H0 [7]. We also note that z is the redshift,
defined as
1+z =

λ0
a0
= .
λ
a

(2.14)

This equation tells us that the wavelength λ of light emitted by an object in an expanding
universe increases proportionally to the scale factor a. The redshift z quantifies this effect.
Remembering that since H = ȧ/a, the Hubble parameter describes the expansion rate
of the Universe, Equation (2.13) shows us that the luminosity distance is directly related
to how fast the Universe is expanding. Riess et al. and Perlmutter et al. found that the
observed distances of the SN Ias were around 10% – 15% further than the calculated values,
implying an accelerated expansion rate. The WMAP data which provides strong evidence
in favour of a flat Universe [9–11] also means that the geometry of the spacetime plays no
part in the accelerated expansion. This conclusion has since been corroborated by a number
of other experiments, for example the SuperNova Legacy Survey (SNLS), the Hubble
Space Telescope and the rather cumbersomely named Equation of State: SupErNovae trace
Cosmic Expansion, or ESSENCE [12–14].
The next piece of evidence for late time cosmic acceleration is the predicted age of the
Universe t0 compared to the age of the oldest stars, ts ≈ 12 Gyr [15]. We of course expect
that t0 > ts , but this relation is not satisfied in a universe without some form of dark energy.

7
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The age of the Universe can be found in the following way:
Z t0
t0 =
dt,

(2.15)

0

Z

∞

=
0

Z

dz
,
H(1 + z)

∞

dz

=
0

(2.16)

H0 x[Ωr,0

x4

1

+ Ωm,0 x3 + ΩΛ,0 − ΩK,0 x2 ] 2

,

(2.17)

where x(z) = 1 + z and Ωr,0 , Ωm,0 , ΩΛ,0 and ΩK,0 represent the present day values of
the radiation, matter, dark energy (here represented by the cosmological constant) and
curvature parameters, as explained previously in the paragraph following Equation (2.7).
We will firstly consider a flat, matter dominated Universe without any form of dark
energy, i.e. ΩK,0 = 0, Ωm,0 = 1, ΩΛ,0 = 0. As we mentioned, observational evidence
has constrained the curvature of the Universe to be very close to flat, meaning that from
now on, we will set K = 0. We can also ignore the contribution from radiation since the
radiation dominated era is a negligibly small amount of time when we are integrating over
the entire age of the Universe. This therefore means that Ωr,0 = 0, and from (2.17) we find
Z ∞
dz
1
t0 =
,
(2.18)
H0 0 (1 + z)2 [1 + Ωm,0 z] 21
2
=
,
(2.19)
3H0
where H0 is the value of the Hubble parameter today (around 67.8 kms−1 Mpc−1 [16]).
From this we find that
t0 ≈ 10 Gyr.

(2.20)

This does not satisfy t0 > ts . However, if we now repeat the calculations, this time
including dark energy in the form of a non–zero cosmological constant, we find that
Z ∞
dz
1
t0 =
,
(2.21)
H0 0 (1 + z)[Ωm,0 (1 + z)3 + ΩΛ,0 ] 12
1
2
p
=
ln
H0 3 ΩΛ,0

!
p
1 + ΩΛ,0
p
,
Ωm,0

(2.22)

where Ωm,0 + ΩΛ,0 = 1. Current observations approximately constrain Ωm,0 = 0.3 and
ΩΛ,0 = 0.7 [16], from which we find that
t0 ≈ 13 Gyr,

(2.23)
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which satisfies t0 > ts . This shows that dark energy is necessary for predicting the correct
age of the Universe.
More evidence for the existence of dark energy comes from the cosmic microwave background, or CMB. The CMB is the oldest part of the sky we can observe (although gravitational wave astronomy may soon be able to probe further back in time [17, 18]) as it was
the first point at which photons could freely propagate without being scattered.
The CMB was first observed in 1963 by Penzias and Wilson [19] and was thought to be
at a uniform temperature across the whole sky until late 1992, when the COBE satellite
found that there were in fact very small temperature anisotropies in the CMB [20]. This
observation has since been confirmed by further experiments such as BOOMERanG and
MAXIMA [21, 22]. These anisotropies occur due to perturbations in the coupling of the
matter components in the Universe to gravity. We will look at cosmological perturbation
theory again in Chapter 4; for now we limit ourselves to a broad strokes discussion of the
resulting anisotropies.
Dark energy affects the CMB temperature anisotropies in two ways: by changing the
position of acoustic peaks in the power spectrum and through the integrated Sachs–Wolfe
(ISW) effect [23]. However, since the ISW occurs only on very large scales (i.e. larger than
supercluster scales), the alteration of the acoustic peaks is generally more important and
we will focus our discussion on these.
An acoustic peak can be thought of as similar to the resonant frequency of a guitar string;
there is a certain preferred wavelength for sound waves in the early Universe. The position of the first acoustic peak corresponds to the anisotropies created by the small scale
perturbations in the early Universe, which results in acoustic oscillations in the plasma.
The acoustic peak position is described by the multipole moment, l, and the position of
the first peak, l1 , was predicted in the following way by Kamionkowski, Spergel and
Sugiyama [24]:
200
l1 ≈ √ ,
Ω0

(2.24)

where
Ω0 = Ωm + ΩΛ .

(2.25)

From this prediction we can see that the presence of dark energy in the Universe will affect
the position of the acoustic peak1 .
1

Weinberg [25] argues for a less simplistic dependence of l1 on Ω0 for late time cosmology when ΩΛ > Ωm ,
but regardless of this, the dependence of the position of the acoustic peak l1 on the presence of ΩΛ – in other
words, on dark energy– is clear.

2.2. Observational Evidence for Dark Energy

9

The COBE satellite data was the first capable of corroborating the theoretical prediction
of the acoustic peak positions, followed by the WMAP 3–year data. The WMAP results
are shown in Figure 2.1. We can see that the data is an excellent match for the theoretical
prediction, which is yet another confirmation that we share the Universe with dark energy.

Figure 2.1: Acoustic peaks in the CMB power spectrum. The solid curve shows the
theoretical prediction and the points represent the WMAP data. Reproduced from [26].
Before the recombination era, when photons decoupled from baryons and were free to
propagate through the Universe, the same acoustic oscillations that caused the temperature
anisotropies in the CMB also became imprinted in the baryon perturbations. These baryon
acoustic oscillations, or BAOs, are another piece of evidence for the presence of dark energy.
To fully understand how the observation of BAOs contributes to our observational dark
energy jigsaw, we must make a brief digression, once again following the procedure laid
out by Amendola and Tsujikawa [7].

10
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We wish to theoretically predict the location of BAOs so we can compare them to observations and to do this we must consider the sound horizon where baryons were released from
the Compton drag of photons. We note that this is not the same as the recombination era
when photons decoupled from electrons. Compton drag is the effect of Compton scattering
of CMB photons off plasma that is moving relative to the frame of the photons. The drag is
analogous to a frictional force and occurs because the scattered photons remove energy
from the plasma [27]. The redshift at when this occurred is called the drag epoch and is
denoted by zdrag . The sound horizon at zdrag is given by
Z ηdrag
rs (zdrag ) =
dη cs (η),
(2.26)
0

R
where we also define the conformal time η = a−1 dt and the sound speed cs . To define
the relative BAO distance, we must also define an effective distance


2

DV = (1 + z) dL

2

cz
H(z)

1

3

,

(2.27)

where dL is the luminosity distance, as given in (2.13). The relative BAO distance is then
given by
rBAO (z) =

rs (zdrag )
.
DV (z)

(2.28)

Using a similar prediction, Percival et al. [28] plot the relative BAO distance against redshift
for three different values of the cosmological constant density parameter ΩΛ . This plot is
reproduced in Figure 2.2, and we can see that the observational BAO data points favour a
Universe with a non–zero cosmological constant– a Universe with dark energy.
This completes our discussion of the observational evidence in favour of an accelerating
Universe– in other words, a Universe dominated by dark energy. We now move on to
conclude this background chapter with a brief acknowledgement of some recent arguments
against the existence of dark energy and the rebuttals of those arguments.

2.3

The Case Against Dark Energy

Despite the wealth of theoretical predictions and observational data to the contrary, there
remains a small enclave of cosmologists who argue against the presence of dark energy
in the Universe. Sensational news headlines are consistently generated when papers
expressing such views are published (for example, [29–31]). This viewpoint is in real
disagreement with the majority of cosmologists, yet, for a fair and balanced report on the
state of the art, it is worth mentioning the focus of their arguments.

2.3. The Case Against Dark Energy

11

Figure 2.2: The relative BAO distance plotted against redshift for a flat universe (i.e.
ΩK,0 = 0) in three cases: the solid line indicates ΩΛ = 0.75, the dashed line indicates
Ωm,0 = 0.3, ΩΛ = 0 and the dotted line which indicates Ωm,0 = 1, ΩΛ = 0. The black points
show the observational data. Reproduced from [28].
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The disagreement over the existence of dark energy stems mainly from the original Type
Ia supernova data, as published by Riess et al. and Perlmutter et al. and discussed in
section 2.2 above. In the Riess survey, data from 16 high redshift (z > 1) SN Ia were used,
and in the Perlmutter survey, a larger sample size of 42 lower redshift (in the region of
z = 0.2 − 0.8) were used. Many dark energy deniers argue that the datasets used are too
small to draw any meaningful conclusions, but they ignore the fact that the data have been
verified many times over in the twenty intervening years since the original publications;
namely in the SNLS, HST and ESSENCE surveys, as previously mentioned2 .
A very recent paper by Nielsen, Guffanti and Sarkar [35] is a good example of such a
claim. The authors acknowledge the increasing size of the SN Ia datasets, but then go on
to state that, due to the larger amounts of data we now possess, the statistical analyses
we perform on the data should be similarly improved. The authors analysed 740 SN Ia
from the JLA catalogue [36] and found what they termed “marginal” evidence (i.e. ≤ 3σ)
for late time accelerated expansion, contrasting this with their preferred Milne model of
the Universe (constant, non–accelerated expansion) [37]. However, they do then stress
that the geometric evidence for an accelerated expansion (for instance, the position of
the acoustic peaks in the CMB power spectrum) is inconsistent with their conclusion and
requires further investigation. The assertion is then made that the SN Ia data is the best
indicator of an accelerated expansion and the authors find that a modified Milne model is
the best descriptor of our current Universe.
Naturally, in the months following publication of this paper, there have been a number
of rebuttals published [38–41]. These papers, and in particular Rubin and Hayden [38]
find that the statistical analysis performed by Nielsen, Guffanti and Sarkar has some major
flaws. Rubin and Hayden produce a better statistical model which takes into account all
available constraints on the data, finding that the statistical significance for an accelerating
expansion becomes more secure, not less. This means that the SN Ia evidence for dark
energy’s existence is still very much valid.
To conclude this background chapter, we have covered the basic cosmology involved
in the theoretical predictions for dark energy and examined in detail the observational
evidence which supports the existence of dark energy. For a comprehensive discussion,
we included a mention of the main argument against the existence of dark energy, and
the recent rebuttals of that argument. We now move on to look at dark energy models in
detail.

2

It is also worth noting that some disagree with the idea of dark energy for different reasons; see [32–34] for
some specific examples.

C HAPTER 3

Modelling Dark Energy
So far we have discussed some background cosmology and seen how observational evidence has been used to infer the role of dark energy as the dominant component in the
Universe. We now turn to the question of what dark energy actually is, and how we can
predict and model its behaviour. In this chapter, we will firstly discuss the dark energy
term used in the standard model of cosmology, the cosmological constant Λ, and then
look at some of the problems faced by this model. The final section of this chapter is
then dedicated to a discussion of how we can solve the problems associated with the
cosmological constant by invoking dynamical dark energy.

3.1

The Cosmological Constant

Recall that in section 2.1 we saw that the Einstein equations were used by Friedmann
to predict an expanding Universe. However, at the time when general relativity was
developed, it was believed that the Universe existed in a steady state, and would exist
as such for the entirety of its history (i.e. for an infinite amount of time into the past and
future).
The term Λ, representing the cosmological constant, so–called because its energy density is
constant in space and time, was therefore added to the field equations of general relativity
by Einstein to force a static universe solution, yielding the modified Einstein equations
1
Rµν − gµν R + Λgµν = Tµν ,
2

(3.1)

which results in
ä
1
Λ
= − (ρ + 3p) + ,
a
6
3

(3.2)

where Λ acts repulsively against gravity to create the static solution. This addition of Λ is
often referred to as “Einstein’s greatest blunder” [42], as if he had trusted his initial result
13
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of an expanding universe, this would have been yet another powerful prediction made by
the theory of general relativity.
However, the story of the cosmological constant does not end there. In the mid 1920s,
Slipher found that the spectra of observed galaxies were unexpectedly redshifted [43], and
a few years later, Hubble used this data to formulate his eponymous law
v = H0 r,

(3.3)

where v is the recessional velocity of a galaxy and r is the distance to the galaxy, related
by the value of the Hubble parameter today H0 . Hubble’s law shows us that the Universe
is expanding and that the further away a galaxy is, the greater its velocity away from us.
Consequently, Λ was removed from the Einstein equations, only returning at the turn of the
century to account for the newly discovered late–time accelerated expansion. While ΛCDM
is undoubtedly the simplest model of the Universe we have, any such model should
be tested and challenged. As mentioned, the model does have a number of problems
associated with it, which motivate alternative models of dark energy. We will now discuss
these problems and the alternatives in detail.

3.2

The Problem with Λ

There are many comprehensive reviews on the topic of the cosmological constant problem
on which this section draws and to which the interested reader is directed, for instance
[44–46]. The main attraction of using the cosmological constant as a source for dark energy
is its simplicity; its energy density is constant for all times and at any place in the Universe.
This energy density is postulated to originate from the vacuum; it is the vacuum energy
density caused by quantum fluctuations (also known as the Casimir effect [47]). The main
problem with this idea is known as the fine tuning problem. In order to have an accelerated
expansion consistent with what we observe today, we require the cosmological constant to
be of the same order as the Hubble parameter squared:
Λ ≈ H02 = 10−42 GeV2 ,

(3.4)

corresponding to an energy density
ρΛ =

Λm2pl
8π

= 10−47 GeV4 ,

(3.5)

where mpl is the Planck mass, here approximated as 1019 GeV [48]. However, if the
predicted value of the vacuum energy density is calculated, as done by Copeland, Sami
and Tsujikawa [6], it is found that
ρvac ≈ 1074 GeV4 .

(3.6)

15
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It is immediately clear that there is a large discrepancy– 121 orders of magnitude– between
the observed value of ρΛ and the predicted value of ρvac . This is the fine tuning problem,
and is neatly summarised by the question: why is the value of the cosmological constant
so small? This question is one of the reasons why we want to look for an alternative to the
cosmological constant model of dark energy.
Another problem with the cosmological constant arises from consideration of the anthropic
principle. This term was coined in 1973 by Carter [49] and expanded on by Barrow and
Tipler in their book The Anthropic Cosmological Principle [50]. There are two versions of the
principle: weak and strong.
The weak anthropic principle states that different values of observed physical constants
are not all equally probable, but that their values are restricted by the requirement that
they must allow carbon–based life to evolve. The strong anthropic principle goes one step
further, stating that the Universe and hence the values of its physical constants must be
such that observers exist within it at some point during its history.
The anthropic argument is hence invoked to explain why Λ has the value that it does; if
it did not, life would not have been able to evolve in the Universe and hence we would
not be here to measure it. It is clear why this is a problematic argument among scientists,
as the principle hints at the possibility of a designed or created Universe and is seen by
many as the easy way out of any serious consideration of why the Universe is the way we
observe it to be. The avoidance of the anthropic principle is possible if a constant value of
Λ is not required.
The final problem with the cosmological constant that we shall here discuss is known as the
coincidence problem. This concerns the observed values of the matter density and vacuum
energy density– in other words, the cosmological constant– in the Universe. As mentioned
in section 2.2, current observations constrain these parameters to be approximately
Ωm = 0.3,

(3.7)

ΩΛ = 0.7.

(3.8)

The ratio between these two parameters is then
ρm
Ωm
=
∝ a3 ,
ΩΛ
ρΛ

(3.9)

where a is again the cosmic scale factor. This ratio naturally changes as the Universe
expands; at early times, the vacuum energy was negligible in comparison to matter and
radiation, while at late times matter and radiation become negligible as dark energy
dominates.It is therefore also natural that there should be some kind of transition period
between these two epochs– the coincidence is that this transition period is happening right
now, when in ΛCDM there is no concrete physical reason that it should not have happened
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Figure 3.1: The rate of change of the vacuum energy density parameter, dΩΛ /da, as a
function of the scale factor a. The spike shows the coincidence of the fact that the time at
which ΩΛ is evolving is the current time. Reproduced from [51].
much earlier or later in the Universe. In Figure 3.1, the rate of change of ΩΛ with respect to
the scale factor is plotted against the logarithm of the scale factor (also known as e–foldings,
which we will encounter again in Chapter 4) to show this coincidence explicitly.
However, some cosmologists (see, for example, [52–54]) do not regard the coincidence
problem as a problem; an analogy used is that of the Moon being of just the right angular
size on the sky that we can observe a total solar eclipse at current times. In the future, as
the Moon drifts further away from the Earth and hence appears smaller, such eclipses will
not be possible– yet we do not regard this as a coincidence problem. It is acceptable that
it is just a coincidence. We note that the deliberate plotting against the logarithm of the
scale factor in Figure 3.1 does exaggerate the coincidence, but as yet, there is no general
consensus on a resolution to the coincidence problem, although dynamical dark energy in
the form of a tracking quintessence model can be fine–tuned to avoid it [55].
We also note that there are further proposed difficulties with the cosmological constant
arising from considerations of string theory and supersymmetry, which lie well beyond
the scope of this project. For more on these topics, see, for example, [56] and [57]. While
the problems mentioned above do have potential solutions within ΛCDM, the difficulties
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discussed have led to many alternative models for dark energy to be proposed, in which
Λ = 0 and dark energy has some other source. We will now choose one of the most popular
models, quintessence, to look at in detail in the next section.

3.3

Dynamical Dark Energy

The most favoured solution to the cosmological constant problem would be a scenario in
which Λ = 0, with dark energy having some alternative source that is not the constant
vacuum energy density. As previously mentioned, there are a huge number of possible
dark energy models and to do justice to them all would require many hundreds of pages,
which is beyond the reach of this report. Therefore we will study in detail possibly one
of the oldest and most well–known models: quintessence [58, 59], choosing two forms
of the potential, in addition to coupling the scalar field in these models to matter. At the
end of this section we will also highlight some observational and statistical evidence for
dynamical dark energy.
Quintessence is a canonical scalar field φ, whose high potential, V (φ), at early times rolls
to a low value at late times, leading to accelerated expansion. The potential only interacts
with the other components of the Universe through gravity. It differs from the cosmological
constant in that it has a time dependent equation of state; it is dynamical. Scalar fields are
present in particle physics and particularly in string theory, and it is a natural continuation
to introduce them into cosmology in this way. We again follow the derivations given by
Copeland, Sami and Tsujikawa [6] and Amendola and Tsujikawa [7] for the mathematics
in this section.
The action for quintessence is given by
Z
S=



√
1
d4 x −g − (∇φ)2 − V (φ) ,
2

(3.10)

where (∇φ)2 = g µν ∂µ φ∂ν φ and V (φ) is the potential of the field, which, as we will see, can
take a number of different forms. Our flat FLRW spacetime remains the same as when we
looked at the background cosmology in Chapter 2. In this background, the variation of the
action with respect to φ yields the Klein–Gordon equation
φ̈ + 3H φ̇ +

dV
= 0,
dφ

(3.11)

which describes the evolution of the scalar field in time (dots once again represent cosmic
time derivatives). We can also write down the energy density and pressure density of the
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scalar field:
1
ρφ = φ̇2 + V (φ),
2
1
pφ = φ̇2 − V (φ),
2

(3.12)
(3.13)

so that the equation of state is given by
wφ =

pφ
φ̇2 − 2V (φ)
.
=
ρφ
φ̇2 + 2V (φ)

(3.14)

This means that in the quintessence model, Equations (2.3) and (2.5) become


1 1 2
2
H =
φ̇ + V (φ) ,
3 2

(3.15)

i
ä
1h
= − φ̇2 − V (φ) .
a
3

(3.16)

We recall from (2.10) that for accelerated expansion to occur, we require that p < − ρ3 . From
(3.14) we can see that for quintessence this condition means that φ˙2 < V (φ)– in other words,
the accelerated expansion depends on the our choice of the potential of the scalar field.
The two forms of the potential that were studied in this project and that we will focus our
discussion on are the exponential potential
V (φ) = V0 e−λφ ,
where λ = − V1 dV
dφ , which characterises the slope of the potential through
inverse power law potential
V (φ) = V0 φ−α ,

(3.17)
dV
dφ ;

and the
(3.18)

where the index α can take a number of arbitrary values. Our investigation into the
preferred values V0 , λ and α constitutes the bulk of the novel work in this project and will
be discussed fully in Chapter 4.
We also note that while in these simple models the field does not interact with matter in
any way, in practice this a fairly unrealistic way to model a scalar field form of dark energy.
We will therefore also consider the exponential potential and inverse power law potential
with a simple non–zero coupling to the matter density, β, which represents the exchange of
energy from the field to matter [60]. It is also important to note that in our investigation, we
do not separate baryonic matter and dark matter– that is to say, ρm represents the energy
density of all matter in the Universe.
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When we add the coupling term, the Friedmann and continuity equations become


1 1 2
2
H =
(3.19)
φ̇ + V (φ) + ρm ,
3 2
ρ̇m + 3Hρm = β φ̇ρm ,

(3.20)

and the Klein–Gordon equation becomes
φ̈ + 3H φ̇ +

dV
= −βρm .
dφ

(3.21)

The coupling strength, β, between matter and the scalar field is given explicitly as
β=

d ln m
,
dφ

(3.22)

where m is the effective particle mass [61].
The exponential potential and the inverse power law potential are of course not the only
forms of quintessence that have been investigated in the literature. See, for example, [6, 7]
and references therein for more on the different quintessence models.
Recall that in section 2.2 we discussed the observational evidence for the presence of dark
energy in the Universe. To provide the motivation for this particular project, we should
also mention the specific evidence for dynamical dark energy, of which there is a growing
amount [62].
Current evidence for dynamical dark energy is mainly based on statistical analyses of
available observational data. In particular, the calculation of H(z) from observations
of BAOs [63] (which we previously described in section 2.2) and the differential age of
passively evolving galaxies (henceforth referred to as DA data) can be used to distinguish
between ΛCDM and, for example, quintessence models.
The differential age technique was developed by Jimenez and Loab [64] and uses a measurement of the age difference between two galaxies at different redshifts to find the value
of dz
dt . From this, H(z) can then be found, using
H(z) = −

1 dz
.
1 + z dt

(3.23)

Once the values of H(z) have been calculated from the BAO or DA data, they can be
used to determine if there is a preference for a cosmological constant or dynamical dark
energy. Diagnostic tests such as the Statefinder [65] or the two point Omh2 diagnostic were
developed for this purpose by Sahni et al. [66], who found that there is a tension between
the observed data and ΛCDM. Their diagnostic tests have since been repeated by a number
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of studies [67–70], each with larger datasets, and all of these again confirm that the ΛCDM
model of dark energy is not supported by the BAO and DA data.
Zhang et al. [70] in particular note that their results are weakly consistent with dynamical
dark energy, but the data expected to be obtained by the upcoming DESI survey [71, 72]
will be able to confirm a best fit dynamical model with a much higher level of confidence.
Zheng et al. [68] also noticed that there is evidence of a strong systematic difference between
the BAO and DA datasets: both datasets are individually in tension with ΛCDM, but in
opposite directions. This is something we will explore further in the next chapter, when
comparing the results of our investigation into quintessence with the same observational
data.
To summarise this chapter, we have discussed the ΛCDM model of the Universe and
the problems faced by the cosmological constant as a model of dark energy, as well as
mentioning some possible resolutions to this problem. The most popular solution to the
cosmological constant problem is to remove Λ entirely and replace it with a dynamical
model of dark energy. We then discussed two forms of quintessence, the exponential
potential and the inverse power law potential, and how the scalar field couples to matter
in these models. We finally mentioned some of the observational and statistical evidence
for dynamical dark energy.
We now move on to a discussion of the results of the main investigation carried out during
this dissertation: whether the quintessence models mentioned above fit within the current
observational constraints on the Hubble parameter H0 , the matter density parameter
Ωm,0 and the equation of state w0 – and whether larger observational datasets indicate a
preference for dynamical dark energy over ΛCDM.

C HAPTER 4

The Evolving Universe
Up until now we have largely been concerned with showing that dark energy is the
dominant component in our Universe and discussing how we can model and predict its
behaviour and effects. We have seen that there is a theoretical motivation for using a
dynamical scalar field as the source for dark energy instead of the cosmological constant,
Λ. One of the most popular models of dynamical dark energy is quintessence, in which a
scalar field is the source of dark energy and the form of the potential of the field determines
the expansion rate.
In this chapter we will investigate what range of values for the potential V0 , the slope of
the potential λ or the power index α and the coupling strength β in both the coupled and
uncoupled cases of the exponential potential and inverse power law potential quintessence
models (hereafter referred to as EXPC, EXPU, IPC and IPU respectively) result in an
acceptable cosmology. We then compare the results found here with the data and results
described in Sahni, Shafieloo and Starobinsky, Ding et al. and Zheng et al. [66–68], to see if
there is a preference in the data for a model of dynamical dark energy as an alternative to
ΛCDM.

4.1

Constraining Quintessence

For this part of the project, a Python script incorporating the NumPy and SciPy modules
was written to solve the Friedmann, continuity and Klein–Gordon equations for the
different quintessence models. In the code, we work primarily with the e–fold number N ,
defined by a = a0 eN , rather than cosmic time t. We denote time derivatives with a dot (e.g.
d
d
0
dt φ = φ̇) and e–fold number derivatives with a prime (e.g. dN φ = φ ). The conversion to
e–folds for any function of time f = f (t) follows
f˙ = f 0 H,

(4.1)

f¨ = f 00 H 2 + f 0 Ḣ.

(4.2)

which means that
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Therefore, using e–folds instead of cosmic time, equations (3.19)–(3.21) for the coupled
case become
H2 =

ρm + V (φ)
,
3 − 12 φ02

(4.3)

ρ0m = (βφ0 − 3)ρm ,

(4.4)

and
Ḣ
φ00 = − 3 + 2
H

!
φ0 −

V0
βρm
−
2
H
H2

(4.5)

respectively. The matter density and scalar field density parameters are given by
ρm
,
ρcrit
1 0
(φ H)2 + V
Ωφ = 2
,
ρcrit

Ωm =

(4.6)
(4.7)

where ρcrit is once again the critical density, 3H02 . The equation of state is given by
w=

1 0
2
2 (φ H)
1 0
2
2 (φ H)

−V
.
+V

(4.8)

A sample code listing showing the integration of the background equations for the coupled
exponential potential case is given in Appendix A.

4.1.1

Independent and Dependent Variables

In the models considered, we have a number of independent and dependent variables.
The independent variables are the initial conditions such as φ and ρm , and the model
parameters V0 , λ, α and β. The dependent variables are the results given by the code;
the Hubble parameter H0 , the matter density parameter Ωm,0 and the equation of state
w0 . The aim when running the code was to choose the independent variables such that
the dependent variables found by the code were as close a match as possible to the same
parameters in the observational data. We refer to this as finding an acceptable cosmology.
The code was written so that a range of values for the model parameters could be chosen
and constraints on the initial conditions were also needed. Following Weller and Albrecht
[73], the initial values for φ and φ0 were set as φ(0) = 0.135 and φ0 (0) = 0 for the exponential
potential cases and φ(0) = 0.7 and φ0 (0) = 0 for the inverse power law cases.
Some constraints on the parameters λ, α and β were
√also imposed. For a stable accelerating
2
solution to be achieved, λ < 2 and therefore λ < 2 [7]. For the inverse power law cases,
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Table 4.1: This table shows the most recent Planck data for the current values of the Hubble
parameter in units of kms−1 Mpc−1 , the matter density parameter and the equation of
state [16].
H(z)

Ωm,0

w0

67.8 ± 0.9

0.308 ± 0.012

−1.006 ± 0.045

Table 4.2: This table shows the matched parameters for the exponential potential models.
Model

λ

β

V0 (×10−120 )

H0 (kms−1 Mpc−1 )

Ωm,0

w0

EXPU
EXPC

0.36
0.23

0.00
0.01

0.80
0.76

67.81
67.80

0.300
0.300

−0.980
−0.993

a natural value of α was preferred, for example, α = 14 , 13 , 12 and so on, although this was
not a strict constraint and all values of α between 0.1 and 1.0 at intervals of 0.01 were
checked. The coupling constant β is constrained by observations to be β ≤ 0.05 [74]. When
running the code, the initial redshift was set as z = 100, to give the solution time to settle.
It was then necessary to discard those results that did not give an acceptable cosmology–
in other words, the sets of model parameters that did not result in a value of H0 , Ωm,0 or
w0 that matches current observational data. The data used for the matching was the most
recent Planck results, given in Table 4.1. An if/ else statement was used to eliminate
the unwanted results and the rest were written to a .csv file. When determining the best
overall match, a match for H0 was prioritised over Ωm,0 and w0 . The model parameters
that result in the closest matches with H0 in the Planck data are shown in Table 4.2 and
Table 4.3.
It was found that the sets of model parameters that result in acceptable cosmologies number
in the hundreds for EXPU and IPU and over a thousand each for EXPC and IPC, so it was
firstly decided to focus only on the best matches as shown in Tables 4.2 and 4.3. We can
also see from the results that, of the four models, the coupled exponential potential case
provided the best overall match to the data, so we will focus on the results of that model in
particular in our analysis and discussion. Furthermore, Amendola and Quercellini [75]
tell us that for large values of α, the inverse power law potentials recover the exponential
potential, so there is no real loss of generality if we focus only on EXPC.
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Table 4.3: This table shows the matched parameters for the inverse power law potential
models.
Model
IPU
IPC

4.2

α

β

V0 (×10−120 )

H0 (kms−1 Mpc−1 )

Ωm,0

w0

0.28
0.33

0.00
0.05

0.86
0.88

67.82
67.79

0.300
0.320

−0.987
−0.984

Comparison with Data

We have now reached the stage in our investigation where we can compare the results of
the coupled exponential potential model to both the predictions of the ΛCDM model and
the observational data, recalling that we want to see if there is a preference in the data for
EXPC over ΛCDM. We will do this in two ways; firstly we will present and discuss some
plots of the evolution of the Hubble parameter, matter density parameter and equation of
state for the quintessence model and overlay observational data for a visual comparison.
We will then perform a chi squared test to enable a more rigorous statistical comparison
with the data to be made.

4.2.1

Plotting the Results

The first two plots, Figure 4.1 and Figure 4.2, are of the evolution of the matter density and
scalar field density parameters and the evolution of the equation of state in EXPC. These
were plotted to check that the quintessence model was behaving as expected, even at early
times. The density parameters do evolve exactly as expected, reaching values of 0.3 and 0.7
at z = 0 respectively, which matches extremely well with all theoretical and observational
expectations.
The evolution of the equation of state is somewhat more interesting, with the curve reaching
a value of -1 at around z = 1, before beginning to climb again, reaching -0.993 at z = 0.
We recall from equation (2.10) that for accelerated expansion to occur, w < − 13 , so the
increasing value of w at very late times could indicate that in this model the expansion
may eventually pass w = − 13 and hence decelerate, similar to the evolution of the Universe
at the end of the inflationary epoch. We stress that this is very speculative and only
observations of w0 in the distant future will allow us to determine if cosmic acceleration is
ending or ongoing.
The next plot, Figure 4.3, shows the evolution of the Hubble parameter in the coupled
exponential potential quintessence model and in ΛCDM. The 36 observational values of
the Hubble parameter and uncertainties from Zheng et al. [68] are also shown on this plot.
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The full dataset used is given in Table 4.6. This follows on from the approach taken by
Sahni, Shafieloo and Starobinsky, although only two data points were used in that case.
They find that the observed value of H(z = 2.34) = 222 ± 7 kms−1 Mpc−1 is just outside
1σ for the value of H(z) predicted by ΛCDM, as can be seen in Figure 1 of their paper [66]
which we reproduce here in Figure 4.5. As we mentioned in Chapter 3, this reaffirms their
assertion that the BAO data used is in tension with ΛCDM, as predicted by their use of the
Omh2 diagnostic.
The same approach was taken by Ding et al. [67], who made use of a dataset of 29 DA and
BAO measurements of H(z). Ding et al. also found that the tension between ΛCDM and
the observed values persisted even when using the larger dataset, but were careful to point
out sources of possible errors. In particular, their separate analyses of the DA and BAO
data show that these data skew the tension with ΛCDM in opposite directions (see Figure
2 of [67], which we reproduce in Figure 4.6). They suggest that this may be caused by the
existence of a systematic error in either the DA data or the BAO data.
Having overlaid the data in question onto Figure 4.3, it is easy to see that the inclusion of
this dataset may be more of a hindrance than a help in our quest to determine a preference
for either ΛCDM or EXPC, not least because of the very large uncertainties associated
with most of the data. Figure 4.4 gives a closer view of the low redshift results and data
(i.e. z < 1), but due to the very close predictions of ΛCDM and EXPC, it is still virtually
impossible to tell by eye if the data is hinting at one model or the other. Therefore, to make
a rigorous comparison, a chi squared test was performed, comparing the observed values
of the full dataset, the DA data alone and the BAO data alone with the predicted values of
ΛCDM and EXPC. The results of the chi squared test will be discussed in subsection 4.2.2.
We mentioned that Sahni, Shafieloo and Starobinsky found the value of H(z) at z = 2.34 to
be in particular tension with ΛCDM, but it is clear to see from Figure 4.3 that our prediction
for ΛCDM matches this data point very well indeed. Sahni, Shafieloo and Starobinsky’s
statement that the Omh2 diagnostic is independent of the value of the Hubble parameter
today is correct, but in our case the predicted values of H(z) in ΛCDM do depend on the
value of H0 , due to the way the code is written. The discrepancy between Sahni, Shafieloo
and Starobinsky’s tension with ΛCDM at z = 2.34 and our matching of ΛCDM at the
same redshift arises from their use of H0 = 70 kms−1 Mpc−1 , in contrast with our use
of H0 = 67.8kms−1 Mpc−1 . Therefore it seems that the tension with the specific point at
z = 2.34 is very much dependent on which value of H0 we take as gospel.
This is a problem, because there are yet more disagreements between the observed values
of H0 found by different techniques and telescopes. Somewhat ironically, the worst culprit
is the Hubble Space Telescope itself. The most recent measurements of H0 by HST were
found to be 71.9 kms−1 Mpc−1 and 73.0 kms−1 Mpc−1 , which strongly contrast with the
most recent Planck satellite and SDSS BOSS measurements of 67.8 kms−1 Mpc−1 and 67.6
kms−1 Mpc−1 respectively [16, 76–78]. While this tension is again thought to be caused by
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some systematic error, and a very recent paper by Di Valentino et al. shows it is possibly
resolvable if dynamical dark energy is invoked [79], it makes matching the predicted values
of EXPC (or any other quintessence model) to the observed values somewhat arbitrary, as
in a year or two, an improved value for H0 may be found, and the matching process will
begin all over again.
However, we can see that a benefit of invoking models such as EXPC is that it is relatively
easy to choose the model parameters so that a match to the data is achieved, and as
observational constraints on H0 improve, so too will the constraints on α, λ and β. The
question will then shift to why these parameters are favoured over any other– and if a
number of different initial values can produce the same outcome for H(z) at late times,
this will surely be motivation enough for dynamical dark energy, as this is similar to the
inflationary models which account for the accelerated expansion in the early Universe (a
large number of possible initial conditions all leading to the same result at late times) [80].

4.2.2

The Chi Squared Test

We have seen that making a visual comparison of the plots with observational data is
insufficient if we wish to draw conclusions about which dark energy model best matches
the data. To properly analyse the results, we perform a chi squared test. The procedure for
the test runs as follows: firstly a hypothesis is stated which we wish to confirm or deny
using the results of the test. The chi squared value is then calculated using
χ2 =

X (observed − expected)2
expected

.

(4.9)

The confidence level is then decided on, and the number of degrees of freedom (d.o.f.)
calculated using
d.o.f. = (no. of rows − 1) × (no. of columns − 1).

(4.10)

For example, in the case of our full dataset, as shown in Table 4.6, the number of degrees of
freedom would be (36 − 1) × (2 − 1) = 35. We also choose to look specifically at the 95%
confidence level.
A chi squared table of values is then used to find the tabulated value corresponding to
confidence level and the calculated degree of freedom [81]. The chi squared distribution
is not symmetric, so there are two versions of the test: upper–tail and lower–tail. We
perform an upper–tail test for the full and DA datasets and a lower–tail test for the BAO
dataset. If the calculated chi squared value as found using equation (4.9) is greater than
the tabulated value, in a upper–tail test the hypothesis is rejected. Conversely, when
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Figure 4.1: This plot shows the evolution of the matter density and scalar field density
parameters in the coupled exponential potential quintessence model.

Figure 4.2: This plot shows the evolution of the equation of state in the coupled exponential
potential quintessence model.
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Figure 4.3: This plot shows the evolution of the Hubble parameter, H(z), in ΛCDM and
the coupled exponential potential quintessence model. The overlaid data points are from
Zheng et al. [68] and are shown in full in Table 4.6.
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Figure 4.4: This plot shows a closer view of the evolution of the Hubble parameter, H(z),
in ΛCDM and the coupled exponential potential quintessence model for the low redshift
results. The overlaid data points are from Zheng et al. [68] and are shown in full in Table
4.6.
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Figure 4.5: This figure is reproduced from [66] and shows the prediction of H(z) in
the Braneworld model favoured by Sahni, Shafieloo
p and Starobinsky, alongside their
predictions for ΛCDM, the matter contribution H0 Ωm,0 (1 + z)3 and two SDSS data
points showing the tension with ΛCDM.
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Figure 4.6: This figure is reproduced from [67] and shows the values calculated from the
Omh2 diagnostic by Ding et al. compared with the Planck data, showing how the different
datasets skew the tension in different directions. The upper left plot corresponds to their
full dataset of 29 data points, the upper right shows the results when the value at z = 2.34
point was excluded, the lower left corresponds to the DA data only and the lower right to
the BAO data only.
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Table 4.4: This table shows the results of the chi squared test.
Dataset

d.o.f.

Model

χ2

Full

35

DA only

29

BAO only

5

ΛCDM
EXPC
ΛCDM
EXPC
ΛCDM
EXPC

52.44
40.86
52.06
39.49
0.38
1.37

Table 4.5: This table shows the relevant critical values of the chi squared test at 95%
confidence level, reproduced from [81].
d.o.f

Critical value

35
29
5

49.802
42.557
1.145

performing a lower–tail test, the hypothesis is rejected when the calculated value is less
than the tabulated value.
A calculation of the chi squared values for both ΛCDM and EXPC was added to the Python
code. These values were calculated for the full dataset in Table 4.6, as well as two reduced
datasets: the DA data only and the BAO data only. These splits were made due to the
evidence presented by Ding et al. that we discussed earlier: that there are some systematics
at play in the DA data and hence their inclusion may skew the results. This skew would
also be exaggerated due to the greater number of DA data points than BAO data points,
so we will look at all the data together, as well as the two reduced datasets we described.
While the chi squared test was performed for every one of the matched results generated
by the sets of model parameters, due to the large number of these results we will once
again only show the best match result from EXPC, although we will discuss the results of
the full chi squared test. The results of the chi squared tests on the best match EXPC are
shown in Table 4.4 and the relevant critical values from the chi squared distribution are
given in Table 4.5.
We will look firstly at the results for ΛCDM, and state our hypothesis: “The predicted values
of H(z) in ΛCDM are a good match for the observational data”.
If we look at the value of χ2 for the full dataset and compare it to the tabulated value,
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we can see that χ2ΛCDM > χ2tabulated . This means that we reject the hypothesis. Similarly,
for the DA dataset, χ2ΛCDM > χ2tabulated , and we again reject the hypothesis. For the BAO
data, we perform a lower–tail test, meaning that for the third and final time, we reject the
hypothesis, since χ2ΛCDM < χ2tabulated . We note that this is a fairly weak rejection, since the
critical value of 1.610 at 90% confidence level means the hypothesis would be accepted.
The results for EXPC are somewhat different. Our hypothesis this time is: “The predicted
values of H(z) in the coupled exponential quintessence model are a good match for the observational
data”.
For the case of the full dataset, χ2EXP C < χ2tabulated and so we can accept the hypothesis.
For the DA dataset, once again χ2EXP C < χ2tabulated , and for the lower–tail test on the BAO
dataset, χ2EXP C > χ2tabulated , meaning that the hypothesis is accepted in all three cases.
Can we then conclude that ΛCDM should be discarded in favour of a dynamical model of
dark energy such as EXPC? Unfortunately it is not that simple. While the results of our chi
squared test do show a preference for EXPC over ΛCDM, we must remember that we have
only shown the results of one chi squared test on one set of model parameters in EXPC. It
was found that when the chi squared test was performed on every single matched result in
EXPC, the full dataset and the DA dataset still showed a preference for the quintessence
model, but that there was a strong preference for ΛCDM in the BAO dataset. This result is
further evidence of kind of systematic error in the observational datasets.
However, our findings here are certainly food for thought. We can clearly see that if
the systematic error in the DA or BAO dataset is identified and eliminated, and if more
observational data is gathered, the chi squared test would be able to provide strong
evidence either for or against dynamical dark energy. In this case, a faster code such as the
widely used CAMB or CLASS codes [82, 83] would need to be utilised, as the large amount
of data and calculations involved make the Python code written for this project very slow.
We will now move on to look at the growth of small scale density perturbations in the
coupled exponential potential quintessence model, and again compare this to ΛCDM.
Table 4.6: This table shows the dataset compiled by Zheng
et al. [68] and used in the chi squared tests. H(z) and σH are
given in units of kms−1 Mpc−1 .
z

H(z)

σH

Dataset

0.07
0.09
0.12
0.17
0.1791

69
69
68.6
83
75

19.6
12
26.2
8
4

DA
DA
DA
DA
DA
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z

H(z)

σH

Dataset

0.1993
0.2
0.27
0.28
0.35
0.3519
0.3802
0.4
0.4004
0.4247
0.44
0.4497
0.4783
0.48
0.57
0.5929
0.6
0.6797
0.73
0.7812
0.8754
0.88
0.9
1.037
1.3
1.363
1.43
1.53
1.75
1.965
2.34

75
72.9
77
88.8
82.7
83
83
95
77
87.1
82.6
92.8
80.9
97
92.9
104
87.9
92
97.3
105
25
90
117
154
168
160
177
140
202
186.5
222

5
29.6
14
36.6
8.4
14
13.5
17
10.2
11.2
7.8
12.9
9
62
7.8
13
6.1
8
7
12
17
40
23
20
17
33.6
18
14
40
50.4
7

DA
DA
DA
DA
BAO
DA
DA
DA
DA
DA
BAO
DA
DA
DA
BAO
DA
BAO
DA
BAO
DA
DA
DA
DA
DA
DA
DA
DA
DA
DA
DA
BAO

Cosmological Perturbation Theory

Throughout our treatment of the expanding Universe so far, we have considered it to
be perfectly homogeneous. However, we know that large scale structure and therefore
inhomogeneity exists in the Universe and so the question is, where did this structure come
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from? The answer lies in the existence of tiny fluctuations in the initial matter density
which, due to the gravitational imbalance they caused, grew rapidly in the inflationary
epoch to become the large structures we observe today.
As with the rest of the Universe’s expansion history, the growth of these perturbations
is expected to be affected by the presence and form of dark energy. In this section we
will briefly discuss how the code was modified to include the density perturbations and
investigate the differences in the growth of the perturbations in ΛCDM and the coupled
exponential potential quintessence model and to do this, we need to take a diversion
through cosmological perturbation theory.
The evolution of the linearised density perturbations δ in ΛCDM are described by the
equation [84]
1
δ̈ + 2H δ̇ − ρm δ = 0,
2

(4.11)

This is expressed in cosmic time, but we recall that we use the e–fold number in the code,
so following the conversion previously given in (4.1) and (4.2), (4.11) becomes
δ 00 = −2δ 0 −

Ḣ 0 ρm δ
δ +
,
H2
2H 2

(4.12)

which, since ρm = 3H 2 Ωm , we find that
Ḣ
δ 00 = − 2 + 2
H

!

3
δ 0 + Ωm δ.
2

(4.13)

The evolution of the density perturbations in the case of coupled dark energy such as the
exponential potential quintessence are governed by the equation
3
δ̈ = −(2H + β φ̇)δ̇ + H 2 Ωm δ(1 + 2β 2 ),
2

(4.14)

where β is the coupling strength and φ is the scalar field, as before. Using the e–fold
number, this equation becomes
!
Ḣ
3
(4.15)
δ 00 = − 2H + βφ0 + 2 δ 0 + Ωm δ(1 + 2β 2 ).
H
2

4.4

Growth of Perturbations

By using our Python code to integrate (4.13) and (4.15), we can then plot the growth factor,
δ0
δ . Sahni, Shafieloo and Starobinsky [66] tell us that a lower value of H(z) leads to faster

36

Chapter 4. The Evolving Universe

Figure 4.7: This plot shows the evolution of the growth factor

δ0
δ

in ΛCDM and EXPC.

growth of δ than in ΛCDM, and this is indeed what we find when we plot the growth
factor in Figures 4.7 and 4.8. This is confirmation that EXPC behaves exactly as expected
and provides the final validation for its use as a model for dark energy.
To conclude this chapter, it is worth reiterating the key findings of our investigation. We
found that a good match for observational data can be obtained by a coupled exponential
potential quintessence model and a chi squared test indicates that this is a better match
than that achieved by ΛCDM. This finding should be taken with a pinch of salt, due to the
possible presence of systematic errors in the observational data, as mentioned by a number
of other authors. We also confirmed that the growth of density perturbations is faster in
EXPC than in ΛCDM, as expected.
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Figure 4.8: This plot shows a closer view of the evolution of the growth factor
and EXPC.

δ0
δ

in ΛCDM

C HAPTER 5

Conclusion
In this dissertation, we began by looking at the general cosmological description of our
Universe and how, over time, observational data has come to rule in or rule out certain
ideas about its evolution and the behaviour of its many components. In particular, we
looked at the role of the cosmological constant as dark energy in the standard model of
cosmology, ΛCDM, and how dynamical dark energy models work as an alternative.
In Chapter 4, we considered four different dynamical dark energy models and found the
one which most closely matched observational data, the coupled exponential potential
quintessence model. Using a chi squared test, we found that this model is a better fit
for our dataset of 36 values of H(z) than ΛCDM, corroborating similar findings by other
studies [66–70], but this result may be skewed due to a systematic error in the observational
data.
So what now for the future of dark energy? Are we likely to see the cosmological constant
removed from the Einstein equations once more? It is perhaps too early to say, but
the observational evidence for dynamical dark energy continues to increase [85]. With
upcoming surveys such as DESI and Euclid [71, 86], we will be able to further constrain
observational parameters like H0 , and therefore the task of distinguishing between a
cosmological constant and dynamical dark energy will become far, far easier.
Regardless of which is the correct picture (and we must remember, there are many more
theories about what dark energy is beyond the two considered here– see, for example, the
review by Joyce, Lombriser and Schmidt [87] and references therein for more on alternative
theories), we can be confident that the phenomenological approach of combining theory
and observation will serve the field of cosmology well into the future.
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Code Listing
Listing A.1: This listing shows the code written to solve the background equations and
perform the chi squared test in the coupled exponential quintessence model.
# -*- coding: utf-8 -*"""
Created on Wed May 03 12:40:40 2017
@author: Natalie
This Python script solves the background equations for the coupled exponential
quintessence model and the LambdaCDM model of dark energy.
It takes a range of initial conditions for the model parameters and prints the results
that are within 1sigma of the Planck 2015 observational
data to a .csv file. It also calculates a chi squared value on every result for three
datasets, so that a chi squared test can be performed.
"""
import numpy as np
import matplotlib.pyplot as plt
from scipy import integrate
# DATA #
# we firstly write the list of 36 data points from Zheng et al. 2016 which will be used
later on
# the x values are redshifts
# the y values are the Hubble parameter at those redshifts
# we also have the uncertainties from the same paper
Zheng_data = [(0.07, 69),(0.09, 69), (0.12, 68.6), (0.17, 83),(0.1791,75),(0.1993, 75),
(0.2, 72.9), (0.27, 77), (0.28, 88.8),(0.35, 82.7),(0.3519, 83), (0.3802,83),(0.4,
95),(0.4004, 77),(0.4247,87.1),(0.44, 82.6),(0.4497, 92.8),(0.4783, 80.9),(0.48, 97)
,(0.57, 92.9),(0.5929, 104), (0.6, 87.9),(0.6797, 92),(0.73, 97.3),(0.7812, 105)
,(0.8754, 125), (0.88, 90), (0.9, 117), (1.037, 154), (1.3, 168),(1.363, 160),(1.43,
177), (1.53, 140), (1.75, 202),(1.965, 186.5),(2.34, 222)]
Zheng_uncertainties = [19.6, 12, 26.2, 8, 4, 5, 29.6, 14, 36.6, 8.4, 14, 13.5, 17,
10.2, 11.2, 7.8, 12.9, 9, 62, 7.8, 13, 6.1, 8, 7, 12,17,40, 23, 20, 17, 33.6, 18, 14,
40, 50.4, 7]
# the DA and BAO datasets are subsets of the Zheng data
# we write them separately for the different chi sq tests
DA_data = [(0.07, 69), (0.09, 69), (0.12, 68.6), (0.17, 83), (0.1791,75), (0.1993, 75),
(0.2, 72.9), (0.27, 77), (0.28, 88.8),(0.3519, 83), (0.3802,83), (0.4, 95),(0.4004,
77), (0.4247,87.1),(0.4497, 92.8),(0.4783, 80.9),(0.48, 97),(0.5929, 104),(0.6797,
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92),(0.7812, 105),(0.8754, 125), (0.88, 90),(0.9, 117),(1.037, 154),(1.3, 168)
,(1.363, 160),(1.43, 177), (1.53, 140), (1.75, 202),(1.965, 186.5)]

DA_uncertainties = [19.6, 12, 26.2, 8, 4, 5, 29.6, 14, 36.6, 14, 13.5, 17, 10.2, 11.2,
7.8, 12.9, 9, 62, 13, 8, 12, 17, 40, 23, 20, 17, 33.6, 18, 14, 40, 50.4]
BAO_data = [(0.35, 82.7), (0.44, 82.6), (0.57, 92.9), (0.6, 87.9), (0.73, 97.3), (2.34,
222)]
BAO_uncertainties = [8.4, 7.8, 7.8, 6.1, 7, 7]
xs = [x[0] for x in Zheng_data]
ys = [x[1] for x in Zheng_data]
xs_DA = [x[0] for x in DA_data]
ys_DA = [x[1] for x in DA_data]
xs_BAO = [x[0] for x in BAO_data]
ys_BAO = [x[1] for x in BAO_data]
# INITIAL CONDITIONS #
# set the initial and final redshifts
z_ini = 100
z_final = 0
# convert this to e-fold numbers N_ini and N_final
N_ini = -np.log(1 + z_ini)
N_final = -np.log(1 + z_final)
timesteps = 250
# calculate the critical density
h = 0.678
# Hubble parameter today in units of 100 km/s/Mpc (Planck 2015)
rho_cr0 = 8.0992*(h**2)*10**(-47) / (2.435*10**18)**4
# calculate the matter density today
Omega_m = 0.3
rho_m0 = Omega_m*rho_cr0
rho_ini = rho_m0*np.exp(3.0*(N_final - N_ini))
in terms of N
phi_ini = 0.135
phi_pr_ini = 0.0

# initial value for the matter density

# initial value of phi
# initial value of phi’

N = np.linspace(N_ini, N_final, timesteps)
# transform the ts array into a new array containing the z values:
redshift = np.exp(-N) - 1
# open and write headings to csv file
file = open("full_chisq_results.csv",’w’)
file.write(’beta,lamb,V0,H0,Om0,w0,chisq_lcdm, chisq\n’)
# BACKGROUND EQUATIONS #
for beta in np.arange(0.0, 0.06, 0.01):
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for lamb in np.arange(0.1,1.0,0.01):
for V0 in np.arange(0.5, 1.1, 0.01):
def background_eq(y, t): # y[0] = phi, y[1] = phi’, y[2] = rho_m
V = V0*np.exp(-lamb*y[0])
Vpr = -lamb*V # dV/dphi
Hsq = (y[2] + V)/(3.0 - 0.5*y[1]**2.0)
HdotoH2 = - 0.5*y[1]**2.0 - 0.5*y[2]/Hsq
yprime0 = y[1]
yprime1 = -(3.0 + HdotoH2)*y[1] - Vpr/Hsq - beta*y[2]/Hsq
yprime2 = y[2]*(beta*y[1] - 3.0)
yprime = [yprime0,yprime1,yprime2]
return yprime
# solve the background eqns
y_initial = [phi_ini, phi_pr_ini, rho_ini]
y = integrate.odeint(background_eq, y_initial, N)
# calculate the Hubble expansion rate
V = (V0*10**(-120))*np.exp(-lamb*y[:,0])
Hubble = np.sqrt((y[:,2] + V)/(3.0 - 0.5*y[:,1]**2.0))
rhocritical = 3.0*Hubble**2.0
Omega_matter = y[:,2]/rhocritical
Omega_phi = (0.5*(y[:,1]*Hubble)**2 + V) / rhocritical
# convert H to units of km/s/Mpc
converted_Hubble = np.sqrt((y[:,2] + V)/(3.0 - 0.5*y[:,1]**2.0) )
/(8.7579*10**(-61))*100
# define H for LCDM
H_0 = 67.8 # Planck 2015
H_lcdm = H_0*((np.sqrt((0.27*(1+redshift)**3) + 0.73)))
# define the equation of state of dark energy
w_phi = (0.5*(y[:,1]*Hubble)**2 - V) / (0.5*(y[:,1]*Hubble)**2 + V)
# find and print the final values
length = len(Hubble)
converted_Hubble_final = converted_Hubble[length-1]
Omega_matter_final = Omega_matter[length-1]
w_phi_final = w_phi[length-1]
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# CHI SQUARED TEST #
# create these for chi sq test
Hubble_tuple = np.array(sorted(zip(redshift, converted_Hubble)))
H_lcdm_tuple = np.array(sorted(zip(redshift, H_lcdm)))
# cubic spline interpolation to get values for chi squared test
def cubicSplineSetup(t, y):
h = np.diff(t)
b = np.diff(y)/h
u, v = np.empty(t.size-1), np.empty(t.size-1)
u[1] = 2.*(h[0]+h[1])
v[1] = 6.*(b[1]-b[0])
for i in range(2,t.size-1):
u[i] = (2.*(h[i]+h[i-1]))-((h[i-1]**2.)/u[i-1])
v[i] = (6.*(b[i]-b[i-1]))-((h[i-1]*v[i-1])/u[i-1])
z = np.zeros(t.size)
l = range(1,t.size-1)
l.reverse()
for i in l:
z[i] = (v[i]-(h[i]*z[i+1]))/u[i]
A = np.diff(z)/(6.*h)
B = .5*z[:-1]
C = b-(h/3.)*(.5*z[1:]+z[:-1])
return A, B, C
def cubicSplineAt(x, t, y, A, B, C):
def _interp(i):
q = x-t[i]
return A[i]*(q**3.)+B[i]*(q**2.)+C[i]*q+y[i]
for i in range(t.size-2):
if x<=t[i+1]:
return _interp(i)
return _interp(t.size-2)
def interpolateOverThese(x, t, y, interp=cubicSplineAt, interpSetup=None):
n = x.size
f = np.empty(n)
if interpSetup!=None:
v = interpSetup(t, y)
if type(v)==list or type(v)==tuple:
for i in range(n):
f[i] = interp(x[i], t, y, *v)
else:
for i in range(n):
f[i] = interp(x[i], t, y, v)
else:
for i in range(n):
f[i] = interp(x[i], t, y)
return f
# choose Zheng_data, DA_data or BAO_data
x = np.array([i[0] for i in Zheng_data])
f_obs = np.array([i[1] for i in Zheng_data])
t = np.array([i[0] for i in Hubble_tuple])
y = np.array([i[1] for i in Hubble_tuple])
t_lcdm = np.array([i[0] for i in H_lcdm_tuple])
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y_lcdm = np.array([i[1] for i in H_lcdm_tuple])
f_int_quintessence = interpolateOverThese(x, t, y,
interp=cubicSplineAt,
interpSetup=cubicSplineSetup)
f_int_lcdm = interpolateOverThese(x, t_lcdm, y_lcdm,
interp=cubicSplineAt,
interpSetup=cubicSplineSetup)
# chi squared tests
chi_squared = sum(((f_obs-f_int_quintessence)**2)/f_int_quintessence)
chi_squared_lcdm = sum(((f_obs-f_int_lcdm)**2)/f_int_lcdm)
# alter number of rows according to dataset chosen
rows = 35
columns = 2
deg_of_freedom = (rows-1)*(columns-1)
# if/ else excludes results outside 1sigma of observational data (Planck 2015)
if 66.9<= converted_Hubble_final <= 68.7:
if 0.296 <= Omega_matter_final <= 0.32:
if -1.051 <= w_phi_final <= -0.961:
# results written to the file opened earlier
file.write(’{},{},{},{},{},{}, {}, {}\n’.format(beta, lamb, V0,
converted_Hubble_final, Omega_matter_final, w_phi_final,
chi_squared_lcdm, chi_squared))
else:
pass
# close the file
file.close()
# PLOTS #
# compare the evolution of H in LCDM and quintessence with Zheng data
fig = plt.figure()
plt.plot(redshift, H_lcdm, linestyle=’-’, color= ’k’, label=’$\Lambda$CDM’)
plt.plot(redshift, converted_Hubble, linestyle=’--’, color=’k’, label=’EXPC’)
plt.errorbar(xs,ys, yerr=Zheng_uncertainties, linestyle=’none’, color=’k’, marker=’x’,
label=’Data points from \nZheng et al. (2016)’)
fig.suptitle(’Evolution of $H(z)$ in $\Lambda$CDM and EXPC’, fontsize=18)
plt.xlabel(’$z$’, fontsize=18)
plt.ylabel(’$H(z)$ (kms$ˆ{-1}$Mpc$ˆ{-1}$)’, fontsize=18)
plt.xlim(0,1)
plt.ylim(30,160)
plt.legend(loc=’upper left’, fontsize=10)
# compare the evolution of Omega matter and Omega phi
fig = plt.figure()
plt.plot(redshift, Omega_matter, linestyle=’-’, color=’k’, label=’$\Omega_{m}$’)
plt.plot(redshift, Omega_phi, linestyle =’--’, color=’k’, label=’$\Omega_{\phi}$’)
fig.suptitle(’Evolution of $\Omega_{m}$ and $\Omega_{\phi}$ in EXPC’, fontsize=20)
plt.xlabel(’$z$’, fontsize=18)
plt.xlim(0,5)
plt.legend(loc=’center right’)
# the evolution of w as a function of z
fig = plt.figure()
plt.plot(redshift, w_phi, color=’k’, label=’$w$’)
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fig.suptitle(’Evolution of the equation of state $w$ in EXPC’, fontsize=18)
plt.xlabel(’$z$’, fontsize=18)
plt.ylabel(’$w$’, fontsize=18)
plt.xlim(0,5)
plt.ylim(-1,-0.99)
plt.legend(loc=’upper left’)
plt.show()
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